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We consider a quantization of scalar perturbations about a de Sitter brane in a 5-dimensionaI 
anti-de Sitter (AdS) bulk spacetime. We first derive the second order action for a master variable 
Q, for 5-dimensional gravitational perturbations. For a vacuum brane, there is a continuum of 
normalizable Kaluza-Klein (KK) modes with m > ?,H/2. There is also a light radion mode with 
m = \/2H which satisfies the junction conditions for two branes, but is non-normalizable for a 
single brane model. We perform the quantization of these bulk perturbations and calculate the 
effective energy density of the projected Weyl tensor on the barne. If there is a test scalar field 
perturbation on the brane, the = 2H^ mode together with the zero-mode and an infinite ladder 
of discrete tachyonic modes become normalizable in a single brane model. This infinite ladder of 
\l ' discrete modes as well as the continuum of KK modes with m > 3H/2 introduce corrections to the 

' scalar field perturbations at first-order in a slow-roll expansion. We derive the second order action 

for the Mukhanov-Sasaki variable coupled to the bulk perturbations which is needed to perform the 
quantization and determine the amplitude of scalar perturbations generated during inflation on the 
^ ' brane. 
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I. INTRODUCTION 



> 

\^ • In recent years, there has been a great deal of interests in the brane-world picture where ordinary matter fields are 
V/-^ ' confined to a lower-dimensional hypersurface (brane) embedded in a higher-dimensional bulk spacetime (see 

,. for reviews) . In particular, models proposed by Randall and Sundrum are very interesting |^, |^ . In their second 
model (RS model), they showed that the conventional 4-dimensional gravity can be recovered at low energies on a 
Minkowski brane with positive tension in 5-dimensional anti-de Sitter (AdS) spacetime An interesting point is 
that the 4-dimensional gravity can be recovered despite the infinite size of the extra-dimension. 

At low energies, effects of the extra-dimension must be small from the observational point of view, but at high 
Q • energies the effects could be dominant. The effects of the extra-dimension could affect generations of primordial fluc- 
I ' tuations in the period of inflation in the early universe. Such imprints left on the spectrum of primordial fluctuations 
will be constrained by high precision observations of the Cosmic Microwave Background (CMB). 

In general, it is difficult to find analytic solutions for cosmological perturbations that properly satisfy the junction 
conditions on the brane H, B ■ However, this can be done in the special case of a de Sitter brane in a 5-dimensional 
^ ' AdS bulk spacetime |^, ^3 • This fact is useful since it provides a zero-th order approximation for slow-roll inflation 
k>( ] on the brane. The behavior of vector ^ and tensor 0, 0, 0, ^ perturbations have been discussed already . 
j_j ■ The amplitude of scalar perturbations excited by inflaton fluctuations on the brane is also computed in the extreme 
d ' slow- roll limit where the coupling between inflaton field fluctuations and bulk perturbations can be neglected 0, ^3 ■ 
However, to go beyond the zero-th order slow-roll approximation, we have to solve the bulk metric perturbations. This 
issue is recently discussed by Koyama et al.^^ within a classical theory, using a master variable VI for gravitational 
perturbations in a 5-dimensional AdS spacetime'lS", '20]. They showed that the bulk perturbations introduce correc- 
tions to the scalar field fluctuations at first order computed in a slow-roll expansion. Thus, to quantitatively calculate 
the amplitude of scalar perturbations at this order, we need to discuss a quantum theory of the bulk gravitational 
field as well as the inflaton field on the brane. 

In this paper, we study the quantization of bulk scalar metric perturbations about a de Sitter brane in the RS 
model. We review the background spacetime in Sec^ In Sec lIIII we then introduce the master variable for 
gravitational perturbations in 5-dimensional AdS spacetime |0,l22j and derive its second order action (|34|l . Then we 
first consider quantum scalar perturbations in the absence of matter fields on the brane in Sec lIVI In this case, there 
is a continuum of normalizable KK modes with m > 3iJ/2. These bulk perturbations are felt on the brane through 
the projection of the perturbed 5-dimensional Weyl tensor SE^^^. We calculate the vacuum expectation value of its 
effective energy density by using the second order action for fi. A light radion mode with m = \f2H also satisfies 
the junction condition on the branes, and is normalizable for a two branes model The effective energy 

density of ^E'^i/ due to this radion mode is also calculated. Next we consider bulk scalar perturbations excited by 
scalar field fluctuations on the brane in Sec0 We first discuss the effect of the metric backreaction on the scalar field 
fiuctuations and review the solution for the bulk perturbations derived in Ref. Ts'l in Sec. IV Al We show that the 
evolution equation for the Mukhanov-Sasaki variable has a correction term that comes from the bulk perturbations. 
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To quantize the Mukhanov-Sasaki variable, we need its action coupled to the bulk gravitational field. We derive this 
action H99|) in Sec IV ij| We summarize the main results and discuss them in Sec. IVll 



II. COSMOLOGICAL BACKGROUND 



The action describing the RS brane world is given by 



S = / d^xV-^s), 



-A + >CmattGr H K 



(1) 



where is 5-dimensional gravitational constant, and fi is the curvature scale of the AdS spacetime. The brane has 
tension A which is set to be in the RS model. The induced metric on the brane is denoted as and given by 

gAB = '^^^gAB — nAns, where is the unit vector normal to the brane. Matter field is confined on the 3-brane and 
is described by the Lagrangian £mattcr- The final term in the action is the Gibbons-Hawking term and K is the trace 
of the extrinsic curvature of the brane. We assume the Z2 symmetry across the brane. 

The 5-dimensional Einstein equations are obtained by minimizing the action with respect to variations of the bulk 
metric: 



(5), 



Gab + '•^^gAB As = . 



(2) 



The 4-dimensional matter fields determine the brane trajectory in the AdS bulk through the junction condition by 
producing the jump in the extrinsic curvature at the brane. The surface energy-momentum on the brane can be split 
into two parts, — Ag^i^, where T^^, is taken to be the matter energy-momentum tensor and A a constant brane 
tension. The junction condition is then [2^ l23| 



(3) 



where the extrinsic curvature of the brane is denoted by K^y — g^f^gj^ (^'^^^V qud^ , where ^^•'Vc is the 5D covariant 
derivative. The induced Einstein equations on the brane are then given by |2j| 



E„ 



(4) 



where k\ 
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This equation include the projected five-dimensional Wey tensor E'^^ as well as the high energy 
correction term Tlf^u which is quadratic in the energy- momentum tensor T^^. 

In this paper, we consider inhomogeneous bulk metric perturbations in the special case of a de Sitter brane in the 
AdS bulk. This is a good approximation to a brane- world inflation model with a slow-rolling scalar field on the brane. 
The metric of the unperturbed 5D spacetime in terms of the conformal bulk-coordinate is given by 



dz^ - dt^ + e'^°''^'^S^jdx'dx^ 



(5) 



where 



exp(iJt), e 



W(z) _ 



H 



fisinhHz 



(6) 



and H{= a(t)) is a constant Hubble expansion rate on the brane. The Cauchy horizon is located at \z\ = 00, and the 
brane is located dX z = zq given by 



zo = —smh —. 



(7) 



The background metric satisfies 



+ W" ~ = 0, 



(8) 
(9) 
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III. MASTER VARIABLE AND SECOND ORDER ACTION 
A. Master variable 

Here we introduce the master variable for gravitational perturbations in the 5-dimensional AdS spacetime firstly 
found by Mukohyama 0, . The perturbed metric is given by [2^ 



^ ^2W{Z) (--^ _^ 2Ayy)dz'^ + 2AydtdZ " (l + 2 A) dt^ 

+e2"(*) ^(1 + 2TZ)S,jdx'dx^ + 2E^,jdx^dx' + 2B^,dx'dt + 2C^,dx'dz 
Under a scalar type gauge transformation, 



(10) 



t^t = t + ^% (11) 

z-^2 = z + c^r, (12) 



X' -^X' ::^X'+C'^Y% (13) 



the metric variables transform as 



^yy 


-> Ayy 


— ^vy ? 




Ay - 


-> Ay = 


-Ay^e- 




C - 


^ c = 






A - 


-> A = 


A - w'e ~ 




B - 


^ B = 


B + 




E - 


E = 






n - 


-y n = 


n - w'e - 





(14) 

where dot and prime denote the derivative with respect to t and z, respectively. In order to eliminate the gauge 
dependence on choice of 3-space coordinates we introduce the spatially gauge-invariant combinations 

which are subject only to temporal and bulk gauge transformations. 

The bulk and temporal gauges are fully determined by setting at — Cz — 0, which has been termed the 5D- 
longitudinal gauge [25l . We can define the remaining metric perturbations in the 5D-longitudinal gauge as 

$ = A - {e^°'(Jt)' +W'e^''az, 
S = Ay + e^''a[ + {e^"azy , 

N Ayy + e^" {a', + W'a,) . (16) 



These are equivalent to the gauge-invariant bulk perturbations originally introduced in covariant form by Muko- 
hyama 0, and in a coordinate-based approach by van den Bruck et al (2|| . These metric variables satisfy the 
three constraint equations, 

A^ + $ + * = 0, (17) 
- 2*' + 3W^'iV - i (5 + iJS") = 0, (18) 

+ HN -2^ + 2H<^+]^{S' + ?,W'S) = Q. (19) 

In ^3 (see also Ref. |23|), it was shown that the perturbed 5D Einstein equations, in the absence of bulk matter 
perturbations are solved in an AdS background using a "master variable" , fi. In the special case of a de Sitter brane 
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in the AdS bulk, the metric variables are written by the master variable f2 as 



-a~3W 



$ = — {2n" ~3w'n' + n- i^^e^^n], (20) 



s = e-"-^^[n' -wnj, (21) 

-a-3W / \ 

N = — - — in"-3w'n' + 2n + n^e^^n\, (22) 

These expressions satisfy the constraint equations Ea. (|17ll9|l . 

Now, we derive the equation of motion for the master variable il. By substituting the expression Ea. H2UI23|l into 
the dynamical parts of the perturbed Einstein equations, we can show that they are equivalent to [l9| 



A'(',)-W^'A'(,)-/.V^A(s)=0, 

A[s) - W'A^s) = 0, (24) 



where 

A(s) ^ e^" \n - SHtl - {n" - 'SW'n') - n'^e'^^n - e^^^Ad . (25) 
Here A is the 3D spatial Laplacian Ail = S'^^fljj. Then, we can obtain the following equation from Ea. H24|) : 

n - 3Hh - (n" - sw'n''^ - e-^°'An - ^'^e^^n = 0, (26) 

where 

An = Afl + A^s}- (27) 

Here we note that there is a symmetry between n and Q. It is possible to show that a replacement of with f2 in 
Ea. (|20l23|l does not alter the metric variables if the perturbed Einstein equations Ea. p4() are satisfied. Then we can 
set A(g) = if Afl 7^ as is shown in Ref. This is equivalent to say that the solutions of the metric variables 

are given by Eq. H2UI23|) where is a solution of the master equation: 

n - 3Hn - {n" - sw'n') - e-^"An ~ n'^e^^n = 0. (28) 

We also see that (l coincides with il if we use Eg . 112811 . 



B. Second order action for master variable 



In this subsection, we derive the second order action for including the surface terms on the brane. By perturbing 
the gravitational part (except for £mattcr) of the action Eq.JQ) up to second order, we get 



62 S 



„3a+3W 



(Px- 



-2e^''°'{AAAyy + 2nAAyy + 7^A7^ + 2AA7^) 

-eW'A'Ayy + 6HAyyA + GW'AyyAy + 6 H A' Ay - ^C'^'^AyAAy 

-2Ay{3TZ' + AE' - AC) - -e'^'^{B' -C- 2e-^'' Ay) A{B' - C) 
-67^'2 + 67^2 - 2(37t + A£; - AB){Ayy - HAyy + 211- 2HA) 
+2{3n' + AE' ~ AC)(yl' + 27^' - "iW Ayy - HAy) . 



(29) 
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Here any gauge conditions are not imposed. The surface term on the brane cancels out. This action can be simphfied 
by imposing the 5D-longitudinal gauge and using the constraint equations Ea. H17|l - l|19|) as 



S2S = 



-6W''S>'N + 6iJ7V$ + GW'NS + 6H'S>'S ~ ^e-^'^SAS - G^-'^ + 64>'^ 



p3q 



(30) 



To obtain the second order action for f2, we first substitute the expressions of the metric variables in terms of fl, 
Ea. H2()|l - H23|l . After integrating by parts, we get the following action 



(Fx- 



6k2 



2" ( nAn + n"An" - 2Ci'An' 



3(7M/"2 _ UW'^W" + 8W'*)fl^ + i5W"'^ - 22W'^W" + 8W'*)fl'^ + 9W"^n^ 
2{3H^ + W")e-^°'nAn + {-2H^ + W") e-^"n'An' + W^e-^^nAQ 

3 



{AW" - &w''^)n'n" + &Hw'nQ." - [iih'^ + bw")n'n - 2w'w"nn" 



+ W' ( + 4Ty" ) n'^ + W ( 12i/2 - ^-W" ]tf - H {17H^ + 22W") flfl' 



+ w" (9ij2 + sw") nn' + w'w" i^-H^ - 5W" 
+ (^-n'Ad + Hn'Ai} - w"n'An - ^w'W'nAn - ^w'n'An' + sw'nAn^ 

Although this action is extremely long, we can summarize the result in the following form: 



-3a-3W 



6k 



(^Ahy - (AO' 



d^3 



2 



2„2W 



(aq^ 



Iw'T^ - -W'e-^'^TAT ~W'e~^'^ [a^ 



3fe-^"A{n - n) 



where 



(31) 



(32) 



(33) 



and is defined in Eq. H27|) . This action contains higher derivative terms with respect to t. In order to perform a 
quantization of Q, we need an action that contains up to second derivatives. This can be achieved using the symmetry 
between ft and fi. It is possible to replace Ct with fl or equivalently we can set Aj-^) = without losing the physical 
degrees of freedom ^3 ■ Then we can derive the second order action for ft that contains up to second derivatives with 
respect to t: 



S= d 



-3a-3W 



(^Anj - {An'f + e-^"AnA^n + fi^e^^ {Any 



d X — - 



Defining 



-3o!-3W 



UJ 



/3k2 



-Afl, 



(34) 



(35) 
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the second order action for CI in the bulk can be rewritten into the form of a 5-dimensional scalar field: 



S = I I d5xe3"+3l^ 



(36) 



2 

This form of the action is convenient when we fix the normalization of Q. 

C. General solution for master variable 

In this subsection, we derive the general solution for fi. Solutions of the wave equation Ea. (P5|l can be separated 
into eigenmodes of the time-dependent equation on the brane and bulk mode equation: 

n{t,y;x)^ J d^kdmvm{t)u^{y)e''^-^ , (37) 

where 

Vm - SHVm + [m^ + fc^e-^"] Vm ^ 0, (38) 

u'^ - 3W'u'^ + [m^ + ^?e^^] m„ = . (39) 
The general solution for v„i is given by 

v„,{iT,k) = {-kri)-'"' B,{-k^) , (40) 

where Bi, is a linear combination of Bessel functions of order v. 

Defining = e~^^/^u„j, it is possible to rewrite the off-brane equation H39|l in Schrodinger-like form: 

^-V^>m = -mH^, (41) 

where 

v{z) = -Lv'^(^) + V, 

4 4 

tt2 q 

+ -H\ (42) 

4sinh2(iJz) 4 

For z — > oo we have V — s- 9H^ /A and we have a continuum of massive modes for > 9H^ /A which become oscillating 
plane waves as z ^ oo. The general solution of the mode function in the z-direction is 

Um{z) — (sinhiJz)^"^ W^y_i/2(coshi/z), (43) 

where Wa is a linear combination of Legendre functions of order a. 

IV. QUANTUM GRAVITON WITH A VACUUM DE SITTER BRANE 

We first consider a quantization of scalar perturbations in the absence of matter perturbations. If we take the 
variation of the action Ea. H34|l with respect to we get the equation of motion for fl in the bulk Ea. (|28|) and the 
junction condition on the brane 

T = 0. (44) 

This is consistent with the condition obtained by minimizing the action with respect to JT. 

The effect of bulk perturbations is felt through the projected Weyl tensor Efj,i, in Eq.lQ. In the background 
spacetime Ei,„ = and the energy density of perturbed projected Weyl tensor JE'^y is given in terms of the master 
variable by |27l | 

hip-bet 

45PE = -^^n- (45) 
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In order to estimate the effect of Weyl tensor, we will compare the Weyl energy density perturbation with the 
background energy density given by 



2 2 
PA = I '^4,off = ^^4 



4, off 



,-| 1/2 



(46) 



We define the power spectrum PE{k) of Sp^ normalized by pj^: 



< Spl > 



Pi 



dk 



Psik). 



(47) 



A. Quantization of heavy modes 



Here we consider the quantization of the heavy modes with m > ^H. The junction condition for fl on the brane is 



given by Eg . (|44|l . From this condition, the solution of the bulk mode function is written as 

Um{z) = C(TO)(sinhi/z)"-^ ^P'j^_i/2(coshi/z) + /3(m)(5j^_i/2(coshi/z)^ , 



where 



im? 9 



^ -P/^_i/2(coshgzo) 



(48) 

(49) 
(50) 



where and are associated Legendre functions of the first kind and second kind respectively. We can determine 
the coefficient C(m) by the normalization condition 



d{Hz)e-''^Um{z)KAz) = 5{j' - 7), 



as 



C(m) 



H 



3/2 



where 



C(m) 



r(*7) 



r(z7 + l/2) 



, e(m) 



r(-z7+l/2) 



r(i7 + 1) 



(51) 



(52) 



(53) 



The normalization of the time mode function is determined so that the correct canonical quantization of uj is ensured: 

(54) 



Next we calculate the vacuum expectation value for the energy density of the projected Weyl tensor SEf^^ generated 
by the KK modes with m > 3H/2. The vacuum expectation value of 5p^ is given by 



(KlSpEix))' 



1 



{2nf 
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|Wm(^;o)|^ \Vm\'^ ■ 



However we have to notice that in large m and k limit \vm\ behaves 

^ k^ 2^{m/HY + {-ki^f 



(m, k — > oo). 



(55) 



(56) 



8 



This shows that m integral in Ea. (|55() has a logarithmic divergence. This ultraviolet divergence ap pea rs in the 5- 
dimensional field theory even in Minkowski spacetime. Thus we have to subtract this divergence |28l |. Then the 
correct vacuum expectation value becomes 

Then the power spectrum Psik) is given by 




The amplitude of C^j^ is enhanced for large H/^ as expected. 



B. Quantization of radion mode 

Next we discuss the quantization of the radion mode considered in 0|. The vacuum junction condition Eg . (|44ll is 
trivially satisfied for any z by the bulk mode solution 

Mr oc e^, =m^. = 2H^. (60) 

This mode is non-normalizable in the single brane model. But in the two brane model, where the second brane is 
located at any fixed zi > zo, this mode is normalizable, and automatically satisfies the boundary condition at the 
second brane. This mode is identified as the radion in 18] . The time dependence of the radion mode is 

V, = (-fc77)"'/'Si/2(-fc7y). (61) 

Substituting the bulk mode function for the radion Ea. l|6U|) into the second order action for Eo. 1)34(1 . we obtain 
the action for the time dependence of the radion as 

S,^^ J d^xe-^" (^{Av,f - e~^"Av,A''v, - {Av,f^ , (62) 

where 



w f^^ J ^1 sinh Hz 



Nk = / dze-^ = / dz ^ ^ ~ , (63) 
and we used the vacuum boundary condition for CI, J- = 0. If we define a canonical 4-dimensional field 



A = ]J^e-^'^Av,, (64) 
this action becomes the form of a 4-dimensional scalar field with = 2H^: 

S.^IJ d^xe^^ (jjl - e-2"^,A^, - H^^t) . (65) 
The solution of ipk is easily obtained including its normalization as 

= ^H-'/\-Hrjr/'H[%{^kr,). (66) 
Using Ea. H66|) . the Weyl energy density perturbations for the quantum radion becomes 



.2, x7/2f.-l/2p.(l), 



<SpE = -^^—k\-H^)"^H-^'^Hiy,{-k^). (67) 



9 



This agrees with the result obtained by Gen and Sasaki |23| ■ 

A growing mode solution represents the tachyonic instability of de Sitter two branes. As is shown in Ref. the 
tachyonic instability is not strong enough to cause gravitational instabilities on the brane in the sense that PE(fc) does 
not grow. As noted in 'iS*! , a decaying mode also has an interesting physical meaning. The decaying mode corresponds 
to the dark radiation perturbation that is associated with a small black hole in the bulk 2^. After inflation, the dark 
radiaiton perturbation becomes a growing mode and this can affect CMB because the dark radiation perturbation 
induces isocurvature perturbations l30l l3f|. The power spectrum Psik) coming form the decaying mode determines 
the initial condition for this isocurvature perturbations. Taking the long wavelength limit ke^^/H —^ 0, Pe is given 
by 

{n^HfCl^rk, (68) 
1 




cosh Hzi — cosh Hzq 



(69) 



Although this could be large at high energies and/or when the second brane is close to the physical brane, the effect 
is negligible on large scales because the spectrum is highly blue tilted. However, in order to address observational 
consequences, a detailed analysis of the evolution of perturbations after inflation is needed. 



V. SCALAR FIELD ON THE BRANE 



In this section we include the scalar field perturbation 64> on the brane. We assume that the potential of the scalar 
field 4) confined to the brane is very flat, so that the scalar field is slow-rolling. In such a situation, we can treat the 
corrections to the evolution of scalar field fluctuation due to the metric backreaction perturbatively. We first consider 
the problem of quantization of scalar perturbations using equations of motion based on the results of Ref. [IS] . We 
show that the evolution equation for the Mukhanov-Sasaki variable has a correction term that comes from the bulk 
perturbations. To quantize the Mukhanov-Sasaki variable, we need its action coupled to the bulk gravitational field, 
which is derived in SeclVBI 



A. Equation of motion for scalar perturbations 

We expand the scalar field perturbations in terms of a slow-roll parameter; 

50 = 50o+^0i-f ... (70) 

The 0-th order of the scalar field fluctuation obeys the following equation of motion, 

5ij)o mS^Q -I- fc2e"^"(5(/)o = 0. (71) 

The metric perturbations are generated by the 0-th order fluctuation of the scalar field through the induced Einstein 
equations on the brane, 

^2 2 
Si/^- - 3ij2$ + fc2g-2«^ ^ ^^^^^^y'^^■)^^SpE, (72) 

H^-^ = ^^Sq^.-'^SqE, (73) 
-*-3i7* + i?$ + 3i?2$-ifc2e-2"($ + $) = 'S^(^^S(jj^-V'6(l}o)+'^5pE, (74) 

o jLi K) 

_e-2"($ + $) = kIStte, (75) 



where 



4SqE - -^(n-Hn), (76) 

p-3a / 7,2 -2a \ 

k16t:e = (n-Hn + —- — n , (77) 
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and 5pE is given by Eq.|03J These metric fluctuations in turn affect the dynamics of the Ist-order scalar field 
perturbation as 

(5>i + m5(j)^ + k^e-'^°'5(j)i = -V"5(j)Q - 3# + 0$ - 2V'^. (78) 

To calculate the quantum fluctuation of <5(/)i, we need to determine the metric perturbations, including the nor- 
malization. In the standard 4-dimensional cosmology, this can be fixed from the normalization of J0o by using the 
[t, i) component of the 4-dimensional Einstein equations. However, in the branc-world, we can not determine $ and 

without the solution of fl because there are the contributions from the projected Weyl tensor SE^^. 

Yet we can determine the normalization of a part of $ and 'f only from (50o- This can be shown as follows. First, 
we rewrite the expressions of $ and Ea. H20() and H23() . using and T as 



p-a-3W 

* = 

6 

$ = 



6 



iW'T - iH{VL - Hn) - e-^^'An 



'3W'T -3n + 6Hn - 3H^n + 26-^" An 



(79) 



(80) 



Here we used the equation of motion for to reduce the number of z-derivatives. Substituting these expressions into 
the induced Einstein equations (|72|) - (|75|l . we obtain the equations written only by and d(j)o: 

- ZHT - Pe-^"T = K2e"(#0o + V {(j))S(j)o) , (81) 

j- = K^e^^^o , (82) 
T + 2HT = K^e°'{<i)S^o - V {(j))d(t)o) . (83) 

These are the same as 4-dimensional Einstein equations if we define the quantities $4 and ^"4 by 

^ = - 2-^*4. (84) 

We can interpret that J- represents the 4-dimensional part of the metric variables and Q contributes to them as 
a 5-dimensional correction. Using Ea. (|82|l . we can fix the normalization of T from the quantization of 5(j)o in the 
same manner as the 4-dimensional cosmology. However, this is not sufficient to determine the amplitude of metric 
perturbations "if and <i>. This is the limitation of the 4-dimensional effective theory. We must solve the bulk equation 
for O. 

The solution for Q which satisfies the boundary condition on the brane is obtained in Ref. Combining the 

junction conditions, Ea. l|HT|) - (|S^ . we get an evolution equation for J^; 

T - (^H + 2jj T + k'^e-'^'^T = 0. (85) 

This gives the boundary condition for Q. The scalar field fluctuation 6(j)o is written by J-'{t) as 

K^S(j)o^e-°'^. (86) 

The evolution equation for Ea. l|85|) is consistent with the equation of motion for S(f)a, Eq.jTIJ. Assuming that (j) is 
slow-rolling \(f>/(i>\ ^ H, the solution for T is 

Hv)-C,'-^^^ + C,'^^^. (87) 
—KT] ~krj 

This gives the boundary condition for Q,. The solution for in the bulk subject to this condition is given by 
^ n I ^^ (sinhiJz)-iQ2;(coshgz) , .-3/2 t , , x 



i=0 
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Then it is possible to calculate the next order scalar field perturbations 5(f>i. 

In order to evaluate the effect from metric perturbations, it is useful to use Mukhanov-Sasaki variable defined by 

Q^Scf>-^^. (89) 

In terms of slow-roll expansion, we have Qo = 5(I>q and Qi = 5(f)i — jj'^ ■ Then using the induced Einstein equations, 
Eq.lO, Ea.l|71|l. and Ea.l(75|). we can derive the equation for Qi, 

Qi + -iHQi + ee-^'^Qi ^ -V"Qo - 6HQ0 + J, (90) 

where 

= -±'L£^(n-Hn + k^e-^"n). (91) 

The equation is the same as the standard 4-dimensional cosmology except for the term J. J describes the corrections 
that comes from the 5-dimensional bulk perturbations. In order to address the quantization of Q, we need the second 
order action for Q. 



B. Second order action for Mukhanov-Sasaki variable 



From now on, we derive the second order action for Mukhanov-Sasaki variable Q coupled to the bulk metric 
perturbations described by the master variable fi. We first add the action of the 4-dimensional scalar field. 



to the gravitational part of the action. Perturbing the action Ea. (|92|) up to second order, we get 
1 



2$ 



V'5(t)) +6-i'{<l>S<l>-V'i 



(92) 



(93) 



where we took the longitudinal gauge and neglected the terms of second order in the metric perturbations since they 
are higher-order in the slow-roll parameter. Using Ea. H79|) and 18U|) . the total action becomes 



S 



-3a-3W 



6k 



(Af2)2 - {An 



2 2 



V" 



+ 2W'Te-°'{2^5^-V'54>) 



"An 



(94) 



Taking the variation of this second order action with respect to f2, we get the equation of motion for il in the bulk 
and the junction condition: 



-2a 



AT = K^e" 



(95) 



where we used the equation of motion for scalar field at the zeroth order in the slow- roll parameter. From Ea. (|95|l . 
we can derive Eq.|jH3). We also get another junction condition by minimizing the action with respect to T as 

(96) 



Combining the junction conditions, we get an evolution equation for JF, Ea. H85|l . 
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Now we derive the action for Q. It is useful to notice that the terms contain T in Eq. (|94|l are the same as the 
4-dimensional theory if we rewrite !F by ^4 using Eq. H84|) . Thus it is convenient to define Q4 as 



Using Eg. 1)95(1 and H97|l to express T, S(j) and (50 in terms of JF, Q4 and Q4, we obtain the following action: 

-3a-3W r 

s-^^QiAQi - {V" + 6H)Ql 



(97) 



1 
2 

W 
'3^ 



5a 



(98) 



If we express J- in Ea. H97|) by 5* and fl using Ea. (|79|) . we immediately get the action in terms of Q and Q as 



5 = 



6k^ 
/ d'^xe 



3a 



We 



-6a 



3^2 



-{Anf 



{Anf - {Any + e-^^Al^A^f^ + fi^e^^ {An) 



e-'"QAQ~{V" + &H)Q^ 

X^~3a / \ 

QA[n~Hn~e-'^°'An] 



3H 



(99) 



We shoud note that the slow-roll approximation was used to derive Ea. H98|l and H99|) . The equation of motion for Q 
can be easily derived from this action: 



Q + 3HQ 



'AQ^^{V" + 6H)Q 



-3a 



6H 



Aln-Hn 



'An 



Of course, this agrees with Ea. (|90|) . We can also derive the junction condition for n-. 



(100) 



(101) 



The action 1)99(1 is the main result of this paper. This action describes the coupling between the matter fields on 
the brane and gravitational fields in the bulk. Although the 5-dimensional gravitational fields are very complicated, 
the final action is very simple if we use the master variable. Essentially the system is described by two scalar fields. 
One is living on the brane and the other 5-dimensional scalar field is living in the bulk and they are coupled with 
each other on the brane. 

In general it is very difficult to quantize this coupled system of the bulk and the brane. However, from the solution 
for n ((88(1 . we can see that the coupling term is suppressed by the slow-roll parameter. Thus it is possible to solve the 
equations perturbatively. At the 0-th order, the scalar field perturbation Qo = decouples. Then by quantizing 
Qoj we can determine the coefficient Ci and C2 in Eg. 1(87(1 as 



2kH 



-,C2 = iCi 



(102) 



where we chose a standard Bunch-Davis vacuum. The master variable n couples to Qq via the junction condition 
Ea. ((101() . Then the normalization of n is also determined from the solutions Eg. 1(88(1 . There are also contributions from 
the normalizable KK modes with m > 3H/2 which satisfy the vacuum jimction condition J- ^ 0. The contribution 
of the KK continuum with m > 3H/2 to the bulk perturbations are the same as the case of the vacuum brane, so 
the normalization is determined as in Sec lIV Al With these KK modes as well as the discrete modes induced by the 
scalar field on the brane, we can calculate the correction term J, which is needed to know the behavior of Qi. 

Because there is a contribution from the infinite ladder of modes in J, the contribution of J could be significant 
especially at high energies H/fi 3> 1 on small scales. In this case we should carefully reexamine our perturbation 
scheme. A quantification of the 5-dimensional corrections is beyond the scope of our present paper and we hope to 
report results in future publications. 
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VI. SUMMARY AND DISCUSSION 



In this paper, we considered the quantum scalar perturbation about a de Sitter brane in a 5-dimensional AdS 
bulk spacetime. We first introduced the gauge-invariant master variable for gravitational perturbations in the 
AdS spacetime found by Mukohyama p^ . We then derived its second order action which is needed to perform the 
quantization of the master variable. 

In the case of a vacuum single de Sitter brane, there is a continuum of normalizable KK modes with m > 3H/2. 
These bulk perturbations are felt on the brane through the projection of the perturbed 5-dimensional Weyl tensor 
SEf^iy . We calculated the vacuum expectation value of its eff'ective energy density by using the second order action for 
n. A light radion mode with m = \/2H also satisfies the junction conditions on the branes and is normalizable for a 
two branes model. The energy density of 6E^,y due to this radion mode is also calculated and is shown to agree with 
the previous results obtained by Gen and Sasaki p^ . 

Next we considered the case where there is a scalar field perturbation on a single de Sitter brane. The bulk 
perturbations can be solved using the slow-roll approximation 18]. As shown in |3, the = 2H^ mode together with 
the zero-mode and an infinite ladder of discrete tachyonic modes become normalizable. There are also contributions 
from the continuum of the KK modes which satisfy the vacuum boundary condition on the brane = 0. These bulk 
perturbations introduce corrections to the scalar type perturbations of the standard 4-dimensional cosmology, as is 
seen from Ea. H90|l . To calculate the amplitude of scalar perturbations on the brane, we need to compute the vacuum 
expectation value of Mukhanov-Sasaki variable Q. Then we derived the sencond order action (|99|) for Q coupled to 
5-dimensional bulk perturbations. Because the coupling term between Q and the master variable Q is suppressed by 
a slow-roll parameter, we can solve the system by a slow-roll expansion. 

The action (|99|l describes the essential features of scalar perturbations in the brane world. The scalar field pertur- 
bation on the brane inevitably produces the bulk gravitational perturbations, which back-react to the perturbations 
on the brane. A detailed analysis of this coupled bulk-brane system is very important in order to find brane wolrd 
signatures from inflation and we hope to come back to this issue in future publications. 
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